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Abstract
We investigate the density fluctuations induced by hadronic interactions at low temperatures
and large chemical potentials after the hadronization of quark-gluon plasma (QGP). We analyze
the structures of net-baryon number kurtosis and skewness and elaborate on their relations with
the nuclear liquid-gas (LG) phase transition and hadronic interactions above the critical temper-
ature. Combining with the relevant experimental projects at RHIC/NICA/FAIR/J-PARC/HIAF
with collision energies from 200GeV to 1.8GeV, we propose a double-peak structure of kurtosis
(skewness) as a function of collision energy, which can be taken to identify the chiral phase tran-
sition and the nuclear liquid-gas phase transition. In particular, the fluctuation distributions at
low temperatures provide a new method to explore hadronic interactions and nuclear liquid-gas
transition.
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I. INTRODUCTION
The exploration of QCD phase structure and the search for phase transition signals are
hot topics in both theory and heavy-ion collision experiments. The smooth crossover essence
from quark-gluon plasma (QGP) to hadrons at small chemical potential and high tempera-
ture has been indicated in lattice QCD (LQCD) simulations [1–6]. However, the calculations
based on effective quark models (e.g., [7–14]), Dyson-Schwinger equation approach [15–18]
and the functional renormalization group theory [19] show that the chiral condensate un-
dergoes a first-order transition at large chemical potential. At the end of the first-order
transition line there exists a critical end point (CEP) connecting with the chiral crossover
separation line.
To extract phase transition signals in experiments, the high-order cumulants of net pro-
ton (proxy for baryon) have been measured in the first phase of Beam Energy Scan (BES-I)
at RHIC STAR [20, 21], and a non-monotonic energy dependence of the net-proton number
kurtosis κσ2 was discovered [22, 23]. The κσ2 shows a large deviation from the Poisson
baseline and the prediction of the hadron resonance gas (HRG) model. These behaviors of
net-proton number kurtosis possibly hint that the STAR experiments in Au+Au collisions
with
√
sNN = 7.7 ∼ 27GeV pass through the QCD critical region. To improve the mea-
surement accuracy and confirm the non-monotonic energy dependence of net-proton number
kurtosis, RHIC has already started BES-II program. The fixed-target mode experiment with
lower collision energies is also in plan [23]. There are also relevant experimental projects at
NICA/FAIR/J-PARC/HIAF to search for the location of CEP and QCD phase boundary.
The chemical freeze-out conditions can be extracted from the experimental data in the
thermal statistical model [24]. The results show that with the decrease of colliding energy to
several GeV the generated strongly interacting matter has large chemical potentials and low
temperatures after hadronization. It means that high-density nuclear matter possibly forms
at low temperatures with the decrease of collision energy. Therefore, in the low-temperature
region the interactions of nuclear matter play an important role on the density fluctuations.
It is also known that the nuclear liquid-gas transition exists at low temperatures [25–31].
Similar to the chiral transition in the critical region, the fluctuations at low temperatures
near the LG phase transition is also possibly strong. Even in the region not very close to the
nuclear LG transition, the interaction between hadrons will affect the density fluctuation
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distributions.
Considering the future HIC experiments with the decreased collision energies, in this
study we will investigate how hadronic interactions affect the density fluctuations at low
temperatures and large chemical potentials, and compare the phase transition of hadronic
matter with the quark chiral transition. We will also discuss possible signals in experiments
with different collision energies to explore the phase structure of strongly interacting matter.
The paper is organized as follows. In Sec. II, we briefly introduce the quantum hadron
dynamics (QHD) model and the formulas to describe fluctuations of conserved charges. In
Sec. III, we illustrate the numerical results of net-baryon number fluctuations, and discuss
the relations with hadronic interactions. We also compare the results with the fluctuations
of quark chiral transition, and analyze the possible signals in experiments. A summary is
finally given in Sec. IV.
II. THE NONLINEAR WALECKA MODEL AND FLUCTUATIONS OF CON-
SERVED CHARGES
It is still lack of effective methods to describe the properties of hadronic matter based
on QCD theory, therefore, we take the quantum hadron dynamics model to describe the
hadronic matter after the hadronization of QGP at low temperatures. This model describes
well the properties of finite nuclei and nuclear matter. The study in [32] also indicates its
approximate equivalence to the hadron resonance gas model at low temperature and small
density.
For nucleons-meson system, the Lagrangian density in the nonlinear Walecka model [33]
is
L=
∑
N
ψ¯N
[
iγµ∂
µ−(mN−gσσ)−gωγµωµ−gργµτ ·ρµ
]
ψN
+
1
2
(
∂µσ∂
µσ −m2σσ2
)−1
3
bmN (gσσ)
3 − 1
4
c (gσσ)
4
+
1
2
m2ωωµω
µ − 1
4
ωµνω
µν
+
1
2
m2ρρµ ·ρµ−
1
4
ρµν ·ρµν , (1)
where ωµν = ∂µων−∂νωµ, ρµν = ∂µρν−∂νρµ. The interactions between baryons are mediated
by σ, ω, ρ mesons. The model parameters, gσ, gω, gρ, b and c, are fitted with the compression
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modulus K = 240MeV, the symmetric energy asym = 31.3MeV, the effective nucleon mass
m∗N = mN − gσσ = 0.75mN (mN is the nucleon mass in vacuum) and the binding energy
B/A = −16.0MeV at nuclear saturation density with ρ0 = 0.16 fm−3.
The thermodynamical potential of the nucleons-meson system can be derived in the
mean-field approximation as
Ω= −β−1
∑
N
2
∫
d3k
(2pi)3
[
ln
(
1 + e−β(E
∗
N
(k)−µ∗
N)
)
+ln
(
1+e−β(E
∗
N
(k)+µ∗
N)
)]
+
1
2
m2σσ
2+
1
3
bmN (gσσ)
3
+
1
4
c (gσσ)
4 − 1
2
m2ωω
2 − 1
2
m2ρρ
2
3, (2)
where β = 1/T , E∗N =
√
k2 +m∗2N , and ρ3 is the third component of ρ meson field. The
effective chemical potential µ∗N is defined as µ
∗
N = µN−gωω−τ3Ngρρ3 (τ3N = 1/2 for proton,
−1/2 for neutron).
By minimizing the thermodynamical potential
∂Ω
∂σ
=
∂Ω
∂ω
=
∂Ω
∂ρ3
= 0, (3)
the meson field equations can be derived as
gσσ=
(
gσ
mσ
)2[
ρsp + ρ
s
n − bmN (gσσ)2 − c (gσσ)3
]
, (4)
gωω =
(
gω
mω
)2
(ρp + ρn) , (5)
gρρ3 =
1
2
(
gρ
mρ
)2
(ρp − ρn) . (6)
In the eqs.(4)-(6), the nucleon number density
ρN=2
∫
d3k
(2pi)3
[f (E∗N (k)− µ∗N)−f¯ (E∗N(k) + µ∗N)], (7)
and the scalar density
ρsN = 2
∫
d3k
(2pi)3
m∗N
E∗N (k)
[f (E∗N(k)− µ∗N)
+f¯ (E∗N (k) + µ
∗
N)], (8)
where f(E∗N(k) − µ∗N) and f¯(E∗N (k) + µ∗N) are the fermion and antifermion distribution
functions.
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For a given temperature and chemical potential (or baryon number density), the meson
field equations can be solved. In the present study, symmetric nuclear matter is considered
to give an essential description of the density fluctuations.
For a thermal medium, the fluctuations of conserved charges are most sensitive observ-
ables to study the phase transition, in particular, the critical phenomenon. The pressure
of the system for a grand-canonical ensemble is related to the logarithm of the partition
function [34]:
P
T 4
=
1
V T 3
ln[Z(V, T, µB, µQ, µS)], (9)
where µB, µQ, µS are the chemical potentials of conserved charges, the baryon number, elec-
tric charge and strangeness, respectively. The generalized susceptibilities can be derived by
taking the partial derivatives of the pressure with respect to the corresponding chemical
potentials [23]
χBQSijk =
∂i+j+k[P/T 4]
∂(µB/T )i∂(µQ/T )j∂(µS/T )k
, (10)
The cumulants of multiplicity distributions of the conserved charges are connected with the
generalized susceptibilities by
CBQSijk =
∂i+j+k ln[Z(V, T, µB, µQ, µS)]
∂(µB/T )i∂(µQ/T )j∂(µS/T )k
=V T 3χBQSijk . (11)
In experiments, observables are constructed by the ratio of cumulants, which cancel the
volume dependence and then can be compared with theoretical calculations of the generalized
susceptibilities.
To compare with the observables in experiments, we focus on two important statistic
distributions, the skewness (Sσ) and kurtosis (κσ2) of net-baryon number fluctuations. The
Sσ and κσ2 are related to the high order cumulants and susceptibilities as
Sσ =
CB3
CB2
=
χB3
χB2
and κσ2 =
CB4
CB2
=
χB4
χB2
. (12)
III. NUMERICAL RESULTS
To better understand the relation between net-baryon number fluctuations and the phase
transition of hadronic matter, we first plot in Fig. 1 the phase diagram of the nuclear LG
transition at low temperature.
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FIG. 1: Panel (a): nuclear LG phase transition line and the boundaries of the spinodal region in
the T − µB plane. Panel (b): nuclear LG transition and the spinodal instability region in T − ρB.
Panel (c): The equation of state of hadronic matter at different temperatures. Panel (d): The
latent heat along the liquid-gas transition line.
In the panel (a), the solid line is the first-order transition line, and the blue solid dot is
the critical end point. The red dashed lines are the boundaries of the spinodal region. A
similar first-order transition is derived in modified HRG model with the inclusion of van der
Waals Interactions [35]. In the panel (b), we plot the the liquid-gas transition in the T − ρB
plane. The black solid lines on the two sides of the critical point correspond to the first-order
transition. The region between the red dashed lines presents the spinodal instability region.
In the panel (c), we plot the pressure of hadronic matter as a function of density for different
temperatures. For a given temperature, the spinodal region (between the red dashed lines)
can be derived with the mechanical instability condition ∂P/∂ρB < 0, and the first-order
transition (black solid lines) can be derived in the stable region with the Gibbs conditions.
In the panel (d), we show the latent heat along the nuclear liquid-gas transition line. We
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note that the latent heat becomes zero at the critical point.
As shown in Panel (a) of Fig. 1, the first-order nuclear phase transition is derived ac-
cording to the conditions of two-phase equilibrium. In the following, we will supplement
the phase diagram of interacting hadronic matter with another method. As we know, the
chiral transition line in quark models is usually derived with quark condensate φ, which is
directly related to the dynamical quark mass. The chiral crossover separation line can be
derived with ∂φ/∂µ (or ∂φ/∂T ) taking the extreme value for a given temperature (chemical
potential). ∂φ/∂µ (or ∂φ/∂T ) exhibits a jump for the first-order chiral transition.
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FIG. 2: Nuclear LG transition line and “line A” ( where the dynamical nucleon mass varies most
quickly), chiral transition line, extracted chemical freeze-out temperature versus baryon chemical
potential from the STAR experiments [37] and SIS data [38–40], as well as chemical freeze-out
curve fitted by Cleymans et al.[41].
Similarly, the σ field or the effective nucleon mass m∗N = mN − gσσ in the interacting
hadronic matter varies with the chemical potential and temperature. Technically, we could
perform a similar operation as in quark model. With the condition of ∂σ/∂µB (or ∂m
∗
N/∂µB)
taking the extrema, we can also obtain a curve, as plotted in Fig. 2 with the blue color.
The blue solid line at low temperatures is just the nuclear LG transition line, but the blue
dashed line, labeled line A, does not mean a phase transition. It only implies that the dy-
namical nucleon mass changes most quickly on the line, completely different from the chiral
crossover transition in physics. Whereas we will see that the blue line is closely related to the
structure of density fluctuation induced by hadronic interactions at low temperatures. For
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the convenience of comparison with the quark chiral transition and the experimental data,
we also plot in Fig. 2 the chiral transition line derived in the Poyakov-Nambu–Jona-Lasinio
model with T0 = 210MeV [36] (The chiral transition line will move to higher temperatures
and large chemical potentials if T0 = 270MeV is taken) and the chemical freeze-out condi-
tions derived from the STAR experiments [37] and the SIS data [38–40], as well as the fitted
chemical freeze-out curve in [37].
In the following we demonstrate the density fluctuations induced by hadronic interactions.
The contour map of net-baryon number kurtosis κσ2 is plotted in Fig. 3. The value of
κσ2 is negative in the blue area and positive in the rest area. To visualize the fluctuation
distribution, we also plot the three-dimensional landscape of κσ2 in Fig. 4. This figure clearly
demonstrates the structure of net-baryon number kurtosis in the T − µB phase diagram. It
shows that κσ2 diverges at the critical end point of the nuclear LG transition. At the
boundary of the first-order LG transition, κσ2 also takes relatively larger finite values. In
particular, in the critical region, the blue dashed line (line A) given in Fig. 2 coincidentally
lies in the bottom of the valley in the blue area in Fig. 3 and Fig. 4. All these indicate
that the variation of dynamical nucleon mass, i.e., the interaction between nucleons, plays
a crucial role on the density fluctuations at low temperatures and large chemical potentials.
It is easy to see that the topological structure of κσ2 induced by hadronic interactions at
low temperature is similar to the fluctuations induced by quark chiral transition [36].
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FIG. 3: Contour lines of net-baryon number kurtosis in the interacting hadronic matter. κσ2 is
negative in the blue area and positive in the rest area.
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FIG. 4: Three-dimensional structure of net-baryon number kurtosis in the interacting hadronic
matter. κσ2 is negative (positive) in the blue area (in the rest region), divergent at the critical end
point of liquid-gas transition. The blue dashed line (line A) plotted in Fig. 2 lies in the bottom of
the valley in the blue area in the critical region.
To connect with heavy-ion collision experiments, we discuss possible signals in observa-
tions related to the chiral and nuclear liquid-gas transitions. Firstly, the data based on the
thermal statistical model [37, 41, 42] indicate that the chemical freeze-out temperatures with
the collision energies
√
sNN = 7.7 ∼ 27GeV are around 150MeV. Therefore, the density
fluctuation distributions at high temperature are mainly determined by quark chiral transi-
tion. If the observed non-monotonic behavior and large deviation from the baseline of κσ2
with
√
sNN = 7.7 ∼ 27GeV in BES I can be confirmed in BES II, the existence of the chiral
first-order transition with a CEP will be supported considerably.
On the other hand, according to the thermal fit of SIS data with
√
sNN = 2.32GeV, µB ≃
820MeV and T ≃ 50MeV can be reached at chemical freeze-out [38–40]. The corresponding
chemical freeze-out conditions are close to the critical region of nuclear LG phase transition,
as shown in Figs. 2-4, and it happens that the fitted chemical freeze-out line [41] enters into
the spinodal region of nuclear liquid-gas transition. Therefore, with the decrease of collision
energy, the net-baryon number κσ2 possibly increases again in the critical region of nuclear
LG transition. As a matter of fact, as shown in Fig. 4, even not very close to the critical end
point, the fluctuations will still be strengthened above the critical temperature. It means
that we can extract the information of nuclear LG transition even the phase transition is not
9
triggered. The related signals will be possibly observed in heavy-ion collision experiments
with lower collision energies. Different from the previous methods, the measurement of the
energy dependence of net-proton fluctuation distributions provides a new way to explore the
nuclear LG phase transition. It is also helpful to ascertain the first-order chiral transition.
According to the critical behavior of κσ2, the non-monotonic energy dependence of κσ2
appears for each critical point. Therefore, if the chemical freeze-out line passes though the
critical regions of the chiral and nuclear LG transitions, the measured net-proton number
κσ2 as a function of collision energy will has a double-peak structure. Although the realistic
result are more complicated than the ideal picture, it is anticipated that the essential feature
can be retained. In experiments, maybe lower collision energies than those in the planed
experiments are required to produce clear signals at low temperatures.
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FIG. 5: Contour lines of net-baryon number skenewss of the interacting hadronic matter.
Finally, we present the net-baryon number skewness Sσ in Fig. 5 and Fig. 6. Similar
to the net-baryon number kurtosis, the two figures show that the skewness diverges at the
critical end point. Below the critical temperature, skewness takes positive values on the gas
phase of the nuclear LG transition, but on the liquid phase at high density it takes minus
values. Above the critical temperature, the sign of skewness is separated by the blue dashed
line (line A) plotted in Fig. 2 in the critical region. These features once again indicate that
the interaction of hadronic matter plays a curial role on the density fluctuation distributions.
As discussed above, the skewness will also probably demonstrate a double-peak structure as
a function of collision energy.
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FIG. 6: Three-dimensional structure of net-baryon number skewness of the interacting hadronic
matter. κσ2 is negative (positive) in the blue area (in the rest region) and divergent at the critical
end point.
To display the structure of the fluctuation distributions induced by hadronic interactions,
in Figs. 3-6, the calculations from low temperatures to high temperatures up to 200 MeV
are performed. We should note that only the values at low temperatures are reliable because
the nonlinear Walecka model model with a few degrees of freedom of hadrons is only effective
at low temperatures. With the increase of temperature more hadronic degrees of freedom
will appear, and then this model will gradually become invalid. Thus the calculation is only
responsible for low-temperature results, corresponding to the collisions with relatively lower
energies. However, as the energy is lowered, the number of produced nucleons will decrease,
disadvantageous to measure fluctuations or even no fluctuation can be generated at very low
energies. Fortunately, for a first-order transition, the structure of fluctuation distributions
exists in certain region. Even the nuclear LG transition is not directly triggered, it is
still possible to extract the relevant signals according to the fluctuations above the critical
temperature, which relaxes to a certain degree the requirement on collision energy.
IV. SUMMARY
In summary, we investigated the net-baryon number fluctuations induced by hadronic
interaction after the hadronization of QGP at low temperatures. We found that hadronic
11
interactions can also generate strong density fluctuations in the critical region of nuclear
liquid-gas phase transition.
If the chemical freeze-out line passes by the critical regions of both the chiral and nuclear
liquid-gas phase transitions, the measured κσ2 (Sσ) of net-proton number as a function of
collision energy may present a double-peak structure. Even the nuclear liquid-gas phase
transition is not triggered, the peak structure at low temperatures induced by hadronic
interactions may also be observed since the structure of fluctuation distributions exists in
certain region. The strength of fluctuation signal depends on the distance to the critical end
point. The available data suggest that lower collision energies are beneficial to produce more
clear signals at low temperatures. If such a phenomenon can be observed in experiments, it
will provide useful information to identify the phase structure of strongly interacting matter.
In particular, the fluctuation distributions at low temperatures provide a new approach to
investigate hadronic interactions and nuclear liquid-gas phase transition.
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